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In the paper, a very simple example of quantum gravity theory is discussed.
The simplicity originates from two-dimensional space-time and conformal sym-
metry. Constructed Liouville theory in classical case is simple and describes 2D
spaces of constant curvature. However, the quantization of the metric tensor
as an independent field is possible in such a framework. In order to calcu-
late Quantum Field Theory objects, such as correlation functions and partition
function, the Polyakov approach may be applied. The simplicity of calculations
provides a clear first take on the full quantum theory of gravity, which is still
to be constructed.

Basic properties of General Relativity and Conformal Field Theory are men-
tioned, although basic knowledge of these theories is necessary. The focus is set
on the explicit construction of the Liouville action and possible means of quan-
tizing it.

1 General Relativity

General Relativity is one of the most established classical theories, it describes
the relation between geometrical deformation of space-time and gravitational
forces present in the Universe. The consideration of GR is based on the ansatz,
that physical reality remains unchanged under a general transformation of the
reference frame. Tensor formalism is particularly useful in the mathematical
formulation of such an assumption.

1.1 Diffeomorphism invariance

The invariance under coordinate transformation is usually [2] described in terms
of differential geometry. Space-time is considered to be a general pseudo-
Riemannian manifold and the transformations are diffeomorphisms. In the
following, the structure of the spaces will not be discussed and differential ge-
ometry language is unnecessary.
Consider a metric gµν on pseudo-Riemannian manifold and a diffeomorphism
given by the coordinate transformation: x −→ x′. The metric tensor transforms
in a way rank 2 covariant tensor does:

gµν(x) −→ g′µν(x′) =
∂xα

∂x′µ
∂xβ

∂x′ν
gαβ(x).
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The determinant of g′(x′) takes form:

g′ = det
( ∂x
∂x′

)2

g,

hence the transformation of the square root of the determinant of the metric
tensor is given by:

√
g −→

∣∣∣det
( ∂x
∂x′

)∣∣∣√g.
One may now see, that diffeomorphism invariant integral measure is:

√
gdDx −→

∣∣∣det
( ∂x
∂x′

)∣∣∣ · ∣∣∣det
(∂x′
∂x

)∣∣∣√gdDx =
√
gdDx,

Where the second determinant is simply the Jacobian. General Relativity is in-
variant under change of the reference frame. The action of the theories in curved
space-time consists of fully contracted tensors and above invariant measure.

1.2 Tensors of GR

The coordinate invariant structure of General Relativity relies heavily on tenso-
rial notation. The core tensors of the theory are briefly described in this section.
Consider a vector field ~v, which may be expressed in a set of basis vectors êi
as ~v = vmêm. We may calculate how does the vector field ~v change with the
change of coordinate components xi. What is important, we do not assume
constant basis vectors:

∂~v

∂xi
=

∂

∂xi
(vmêm) =

∂vm

∂xi
êm + vm

∂êm
∂xi

=
(∂vm
∂xi

+ Γmikv
k
)
êm. (1)

The components Γmikv
k are called Christoffel symbols, and may be understood

as expansion components of the new basis vectors ∂êi
∂xk

in the old basis:

∂êi
∂xk

= Γmikêm.

Usually Christoffel symbols are computed thanks to identity:

Γρµν =
1

2
gρλ
(
gλµ,ν + gλν,µ − gµν,λ

)
. (2)

They are closely connected to the covariant derivative, which is introduced to
include the change of basis vector in (1), hence the definition:

∇ivm =
∂vm

∂xi
+ Γmikv

k. (3)

In Appendix we show, that the partial derivative of a vector field does not
transform as a tensor, however covariant derivative does. This extends to higher
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rank tensors, in particular the covariant derivative for rank (2,0) tensor is given
by:

τab;c = ∂cτ
ab + Γacdτ

db + Γb cdτ
da. (4)

The central object in General Relativity is the Riemann tensor, which contains
information about curvature of a given manifold. It is constructed of metric
tensor and its first and second derivatives:

Rρσµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ.

In 4D it has 20 independent components, while in 2D there is only 1 independent
component [1]. Important symmetries of Riemann tensor are:

• Skew symmetry, Riemann tensor is antisymmetric in 1 ←→ 2 and 3 ←→ 4
indices:

Rabcd = −Rbacd = −Rabdc

• Interchange symmetry, symmetric in pairs {1, 2} ←→ {3, 4}:

Rabcd = Rcdab

• First Bianchi Identity, cyclic sum of {2, 3, 4} is qual to 0:

Rabcd +Racdb +Radbc = 0

• Second Bianchi Identity. cyclic sum of covariant derivatives is equal to
zero:

Rabcd;e +Rabde;c +Rabec;d = 0

Ricci tensor is a contracted Riemann tensor and describes how much a given
space diverges from a flat one

Rµν = Rρµρν .

Ricci scalar is another contraction of the Riemann tensor:

R = Rµµ.

Convenient way of calculating the Ricci scalar:

R = gµν
(

Γρµν,ρ − Γρµρ,ν + ΓσµνΓρρσ − ΓσµρΓ
ρ
νσ

)
. (5)
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1.3 Energy momentum tensor conservation

The curvature of space-time is intimately connected with the distribution of
mass and energy. From classical field theory, it is well known, information of
the energy of a given system is encoded in energy-momentum tensor. Usually,
it is understood as Noether current conserved under space-time translations [3].
In the curved space-time the energy momentum tensor may be defined, via
variation of the action under metric transformation:

δS :=
1

2

∫
dDx
√
−gTµνδgµν ,

gµν(x) −→ gµν(x) + δgµν(x).

Under infinitesimal translation xµ −→ xµ + εµ(x) the variation of the metric
tensor is:

δgµν =
(
δµν − ∂µεα

)(
δβν − ∂νεβ

)
gαβ(x+ ε)− gµν(x)

= gµν(x+ ε)− gµν(x)− ∂µεν − ∂νεµ
= εα∂αgµν − ∂µεν − ∂νεµ.

We shall now prove that εα∂αgµν − ∂µεν − ∂νεµ = ∇µεν +∇νεµ. Starting with
the definition of covariant derivative we evaluate ∇µεν :

∇µεν = ∇µ(gµαε
α) = gνα∇µεα = gνα(∂µε

α + Γακµε
κ)

∇µεν +∇νεµ = gνα∂µε
α + gµα∂νε

α +
(
gναΓακµ + gµαΓακν

)
εκ.

The second equality follows from the fact, that covariant derivative of a metric
tensor vanishes. This may be shown using (2) and the definition of the covariant
derivative. The term containing Christoffel symbols may be rewritten:

gναΓακµ + gµαΓακν =
1

2
gναg

αβ(∂κgβµ + ∂µgκβ − ∂βgκµ)+

+
1

2
gµνg

αβ(∂κgβν + ∂νgκβ − ∂βgκν) = ∂κgµν .

Hence,
δgµν = ∇µεν +∇νεµ. (6)

The action variation vanishes, when ∇µTµν = 0 is satisfied:

δS =
1

2

∫
dDx
√
−gTµνδgµν =

∫
dDx
√
−gTµν∇µεν = −

∫
dDx
√
−g∇µTµνεν .

Where in the last equality integration by parts was performed.

2 Conformal Field Theory

The Weyl transformation is a transformation of the form [5]:

gµν(x) −→ Ω(x)gµν(x).
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An infinitesimal transformation can be written:

gµν(x) −→ gµν + ω(x)gµν(x).

The variation of the action yields energy momentum tensor conservation:

δS :=
1

2

∫
dDx
√
−gTµνδgµν =

1

2

∫
dDx
√
−gTµµ ω(x),

hence for the Weyl symmetry the energy momentum tensor is traceless:

Tµµ = 0.

A conformal transformation is transformation of the coordinates, such that met-
ric tensor is rescaled. It is a Weyl transformation performed through the change
of basis.
It may be shown, that the group of conformal transformations consists of:

• Spacetime translations: xµ −→ xµ + αµ

• Lorentz rotations: xµ −→ xµ + ωµνx
ν , ωµν = −ωνµ

• Scale transformations: xµ −→ xµ + σxµ

• Special conformal transformations: xµ −→ xµ − 2(b · x)xµ + x2bµ

Consider infinitesimal transformation xµ = xµ − εµ(x′), the metric tensor vari-
ation (6) in the flat space is:

δgµν = ω(x)gµν = −∂νεµ − ∂µεν .

Taking the trace of both sides, in 2 dimensions we have:

ω(x) = −∂µεµ.

and the metric variation equation gives:

∂νεµ + ∂µεν = ∂αε
αgµν , (7)

it may be rewritten to the Cauchy-Riemann conditions, which are satisfied by
holomorphic functions: {

∂1ε1 = ∂2ε2

∂2ε1 = −∂1ε2

Such a structure of space-time translations allows to construct its holomorphic
and antiholomorphic parts.
The conformal current of such symmetry is Jµ = Tµνε

ν and it is conserved:

∂µJµ(ε) =
(
∂µTµν

)
εν + Tµν(∂µεν).

The first term vanishes, because of energy-momentum tensor conservation. Us-
ing the fact, that energy-momentum tensor is symmetric we may rewrite the
second term:

∂µJµ(ε) = Tµν(∂µεν) =
1

2
Tµν(∂µεν + ∂νεµ) =

1

2
Tµµ ∂αε

α = 0,

where in the second equality (7) has been applied, and in the third equality
tracelessness of the energy-momentum tensor used.
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3 2D Einstein gravity

In the 2D setup, the only solutions to Einstein equations are vacuum ground
state, black holes, and naked singularity. 4D considerations of Hawking radia-
tion may be transferred to 2D theories [4]. Pure gravity is a topological theory
in 2D, meaning there are no interesting dynamics. This can be seen, by consid-
ering analog of the Einstein-Hilbert action (without cosmological constant) in
an arbitrary number of dimensions D:

SEH =

∫
dDx
√
−gR.

Variation of this action yields the Einstein tensor Gµν := Rµν − 1
2gµνR. In the

absence of matter, the Einstein equations require this tensor to vanish.
However, in the case of D = 2 dimensions this condition is satisfied identically
because the integrant is a full derivative. All curvature invariants can be ex-
pressed by Ricci scalar only because there is only one independent component
of Riemann tensor in 2D. The only candidate for Riemann tensor is:

Rabcd = f(R)(gacgbd − gadgbc),

where f(R) is a general function of Ricci scalar, the only free parameter in the
theory. The term multiplying f(R) is the only tensor, constructed from metric
only, possessing appropriate symmetries from section 1.2.
Skew symmetry:

Rbacd = f(R)(gbcgad − gbdgac) = −Rabcd,
Rabdc = f(R)(gadgbc − gacgbd) = −Rabcd.

Interchange symmetry:

Rcdab = f(R)(gcagdb − gcbgda) = Rabcd

First Bianchi identity:

Rabcd +Racdb +Radbc = 0

gacgbd − gadgbc + gadgcb − gabgcd + gabgdc − gacgbd = 0,

where the cancelations are between terms {1, 6}, {2, 3}, {4, 5}.
Second Bianchi Identity is satisfied because the Riemann tensor is a function of
metrics only:

Rabcd = Rabcd(gαβ),

hence the covariant derivative will act on Riemann tensor as on composite func-
tion, covariant derivative of metric can be factorized and the whole expression
vanishes.
The symmetries are satisfied and the function f(R) may be uniquely determined
by contracting the Riemann tensor twice. First, we get the Ricci tensor:

Rbc = Rabac = f(R)gam(gmagbc − gmcgba) = f(R)gbc
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and Ricci scalar:
R = Rbb = f(R)gbb = 2f(R).

Finally we get f(R) = R
2 and the Riemann tensor in 2D may be written as:

Rγναβ =
R

2
gγµ(gµαgνβ − gµβgνα). (8)

Ricci tensor gives:

Rµν =
R

2
gµν .

From the definition, we see that the Einstein tensor vanishes:

Gµν = Rµν −
R

2
gµν = 0.

As mentioned before this result shows, that in classical 2D Einstein gravity there
are no dynamics- there are no constraints of metric from equations of motion
and energy-momentum is equal to zero. For further discussion of Riemannian
geometry consult [9].

3.1 Conformal gauge

The main adventage of the conformal 2D gravity is a presence of additional de-
gree of freedom, which lets us [6] express the metric tensor in so called conformal
gauge:

gµν = eσ(x)δµν .

A metric tensor may be expressed in such a form by choosing synchronous frame-
a reference frame in which the time coordinate defines the proper time for all
co-moving observers1. This lets us set g0idx

i to zero, which in 2D means that
metric tensor is diagonal. Choosing the synchronous frame does not exhaust
gauge freedom and we still may perform spatial rotations, this additional degree
of freedom lets us set both diagonal components of the metric to be equal eσ.
Calculation of the Ricci scalar is especially simple, using the trick (5):

R(x) = −e−σ(x)
(
∂2

1σ(x) + ∂2
2σ(x)

)
= −∂µ∂µσ(x) = −∆σ(x).

The usual CFT approach is to complexify the space with the conformal coordi-
nates:

z = x1 + ix2, z̄ = x1 − ix2,

metric tensor in the new coordinates takes form

gµν =

[
eσ(x) 0

0 eσ(x)

]
−→ gzµzν =

1

2

[
0 eσ(z,z̄)

eσ(z,z̄) 0

]
.

1There is a good article on Wikipedia describing the procedure of constructing synchronous
reference frame- https://en.wikipedia.org/wiki/Synchronous_frame. For a more detailed
discussion see [3]
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It is easy to check the inverse metric is:

gzµzν = 2

[
0 e−σ(z,z̄)

e−σ(z,z̄) 0

]
.

Ricci scalar in complex coordinates takes form:

R(z, z̄) = −4e−σ(z,z̄)∂z∂z̄σ(z, z̄). (9)

As it has been shown in the introductory GR section, the energy momentum
tensor is conserved. In the complex coordinates the conservation law is equiva-
lent to the pair of equations:

∇µTµν =

[
∇zT zz +∇z̄T z̄z
∇zT zz̄ +∇z̄T z̄z̄

]
= 0

In the conformal gauge, by applying (4) one gets:{
∂z̄T

z̄z̄ + 2∂z̄σT
z̄z̄ + ∂zT

zz̄ + ∂zσT
zz̄ = 0

∂zT
zz̄ + ∂zσT

zz̄ = 0

3.2 Conformal anomaly

In the flat space, the CFT structure of a theory implies a vanishing trace of
the energy-momentum tensor. This is not the case in curved space, instead,
the trace is characterized by the conformal anomaly equation which is of great
importance in the quantum case:

Tµµ = αR(x).

Recall, the form of Ricci scalar in complex coordinates (9). We find the explicit
form of components of the energy-momentum tensor:

T zz + T z̄z̄ = −4αe−σ∂z∂z̄σ
2gzz̄Tzz̄ = 4e−σTzz̄ = −4αe−σ∂z∂z̄σ

Tzz̄ = −α∂z∂z̄σ
Continuity equation for component z can be written as:

∂z̄Tzz + eσ∂z

(
e−σTzz̄

)
= 0,

while in the flat space the continuity equation in complex coordinates gives:
∂zTz̄z̄ = 0 and ∂z̄Tzz = 0.
The continuity equation implies existence of holomorphic structure of the energy-
momentum tensor. We may define holomorphic pseudotensor:

∂z̄T := ∂z̄

[
Tzz −

α

2

(
− (∂zσ)2 + 2∂2

zσ
)]

= 0,

antiholomorphic pseudotensor:

∂zT̄ := ∂z

[
Tz̄z̄ −

α

2

(
− (∂z̄σ)2 + 2∂2

z̄σ
)]

= 0.

Notice these objects are not tensors, their coordinate transformation is anoma-
lous.
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4 Conformal quantum gravity

Years of research in the field of quantum gravity recognized numerous problems.
The Einstein-Hilbert in the standard form is not power-counting renormalizable
at one loop, including mass fields [7]. Various solutions to this theoretical prob-
lem have been proposed, e.g. including higher-order Riemann tensor contrac-
tions2. The discussion about renormalizability of the constructed theory lays
beyond the scope of this paper.
The attempts of quantizing gravity are usually using the Feynman path integral
approach. The definition of such objects is usually troublesome. However, as it
will be shown, the anomaly equation provides great control over the partition
function.
The full form of the anomaly equation is given by:

Tµµ = − c

12
R(x),

where c is the central charge of the theory.
Consider now an infinitesimal conformal transformation of the metric:

gµν −→ (1 + δσ(x))gµν .

As before the variation of the action is of form

δS =
1

4π

∫ √
−gTµµδσ(x)d2x,

The partition function is given by:

Z[g] =

∫
e−S[g,φ]D[φ].

We assume the metric has been conformally transformed from some reference
metric, which is not necessarily flat. The conformal gauge is abandoned from
now on:

gµν(x) = eσ(x)ĝµν(x).

From this form we get the Ricci scalar associated with the metric g:

√
gR(x) =

√
ĝ
(
R̂(x)−∆ĝσ(x)

)
.

Form of the partition function may be evaluated from:

δ logZ[eσ ĝ] = Z−1ZδS =
c

48π

∫
dx2
√
ĝ
(
R̂(x)−∆ĝσ(x)

)
δσ.

2This apparent solution makes gravity renormalizable, however, predicts the existence of
ghost particles. In some models, ghosts have been avoided, as in Horava gravity, where one
abandons Lorentz invariance in high energies.
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Thanks to the chain rule, and assuming vanishing boundry terms one gets Func-
tional differential equation:

δS

δσ(x)
=

c

48π

(
R̂(x)−∆ĝσ(x)

)
.

The solution to this equation may be found by simple integration, as RHS is
independent of terms containing field σ(x) (∆σ is an independent field). Keeping
in mind the initial condition we obtain:

S =
c

48π

∫
dx2
√
ĝ
(
R̂(x)σ(x)− σ(x)∆ĝσ(x)

)
+ S[ĝ].

Hence the partition function:

Z[eσ ĝ] = exp
[ c

48π

∫
dx2
√
ĝ
(
R̂(x)σ(x) +

1

2
ĝµν∂µσ∂νσ(x)

)]
Z[ĝ].

Using the anomaly equation we have constructed a partition function, in which
the integrand is called Liouville Lagrangian. Interestingly, we have expressed
partition function of an ambiguous, conformaly transformed metric tensor with
partition function of the reference metric.

4.1 Liouville equation

The action constructed in previous section may include cosmological term, which
is simply a volume integral in conformaly curved space-time with Λ being the
cosmological constant:

SL[σ, ĝ] =
1

2π

∫
dx2
√
ĝ
(1

2
ĝµν∂µσ∂νσ(x) + R̂(x)σ(x) + Λeσ(x)

)
. (10)

Euler-Lagrange equations follow:

−∆ĝσ(x) + R̂(x) + Λeσ(x) = 0.

Recall the form of Ricci scalar in the chosen transformation:√
ĝ
(
R̂(x)−∆ĝσ(x)

)
=
√
gR.

E-L equations may be rewritten to:

R̂(x) + Λ = 0.

Thus the classical solutions to the Liouville are spaces with constant curvature.
For a flat reference metric we get the Liouville equation:

− 4∂z∂z̄σ(z, z̄) + Λeσ = 0. (11)
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4.2 Liouville gravity as CFT

The construction of the Liouville theory assumed conformal invariance, however,
one may assure himself of this symmetry. Via direct variation of the action we
get the energy-momentum tensor:

Tµν = −∂µσ∂νσ + ĝµν

(1

2
(∂σ)2 + Λeσ

)
+ 2
(
∂µ∂νσ − ĝµν∂2σ

)
.

Its trace is:
Tµµ = 2

(
Λeσ − ∂2σ

)
= 0.

And disappears, given the Liouville equation is satisfied. We have seen this prop-
erty is characteristic for CFTs. The holomorphic structure of energy-momentum
tensor is:

Tzz = t(z) = −∂zσ∂zσ + 2∂2
zσ,

Tz̄z̄ = t̄(z̄) = −∂z̄σ∂zσ + 2∂2
∂zσ.

And finally the Liouville equation is itself invariant under simultaneous trans-
formations:

z −→ w(z),

z̄ −→ w̄(z̄),

σ(z, z̄) −→ σ(z, z̄)− log
(dw
dz

dw̄

dz̄

)
.

We check it by transforming (11):

−4∂z′∂z̄′σ
′(z, z̄) + Λeσ

′
= 0,

−4
dz

dw

dz̄

dw̄
∂z∂z̄σ + 4

dz

dw

dz̄

dw̄
∂z∂z̄ log

(
dw

dz

dw̄

dz̄

)
+ Λeσ

dz

dw

dz̄

dw̄
= 0.

The term with logarithm may be rewritten log(dwdz
dw̄
dz̄ ) = log dw

dz +log dw̄
dz̄ . Acting

with the operator ∂z∂z̄ on a function f(z, z̄) = g(z) +h(z̄) gives zero, hence the
second term vanishes. Dividing both sides by dz̄

dw̄ restores Liouville equation.

4.3 Correlation function

In the path integral approach to the Quantum Field Theory an object of par-
ticular interest is the correlation function:

〈Oj1(x1), . . . ,Ojn(xn)〉 = Z−1

∫
D[φ(x)]Oj1(x1) . . .Ojn(xn)e−S[φ(x)],

where the Oj(x) is a basis vector of space of the composite fields:

F := span{φ(x)k, φk(x)∂µφ, φ
k(x)∂µφ∂νφ, . . . },
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consisting of powers of fields, and its derivatives. Scalar product of the two
vectors in such a space is a integration of the two fields over whole space-time.
In quantum gravity we include metric as independent field and denote:

〈O[g]
j1

(x1), . . . ,O[g]
jn

(xn)〉 = Z−1

∫
D[φ]D[g]O[g]

j1
(x1) . . .O[g]

jn
(xn)e−S[φ,g], (12)

where Z =
∫
D[φ]D[g] exp(−S[φ, g]). The meaning of the measure D[φ] in the

flat-space QFT may be realised by rewriting (12) in momentum space divided
into ”small boxes”. One may then operate on the path integral as a limit of the
ratio of finite dimensional integrals.
When it comes to gravity, gauge ambiguity must be taken into account, when
integrating over the space of metric tensors. Therefore one may expect the form
of the measure:

D[g] =
D[gµν ]

D[ε]
, (13)

where D[gµν ] is a local functional measure for tensor fields gµν(x), while D[ε]
is a measure on the space of diffeomorphisms vector fields εµ(x). In CFT the
variation of metric tensor, under conformal and coordinate transformation gives
us:

δgµν = gµνδσ(x) +∇µεν(x) +∇νεµ(x). (14)

Introduced by Polyakov [8] ultralocal metrics on spaces of rank 2 tensors gµν ,
and vector fields εµ let us evaluate the measure in path integral.

||δgµν ||2 =

∫
√
gd2x

(
gµαgνβ + Cgµνgαβ

)
δgµνδgαβ (15)

||ε||2 =

∫
√
gd2x gµνε

µεν . (16)

One may now shift δσ(x) in (14), so that δσ +∇λελ −→ δσ. Hence:

δgµν = gµνδσ(x) + εµν , εµν := ∇µεν +∇νεµ − gµν∇λελ.

The measure (15) takes form:

||δgµν ||2 =

∫
√
gd2x

(
gµαgνβ(gµνδσ + εµν)(gαβδσ + εαβ)+

+Cgµνgαβ(gµνδσ + εµν)(gαβδσ + εαβ)
)

=

∫
√
gd2x

(
gµµ(δσ)2 + 2εµµδσ + εαβε

αβ + C(gµµ)2 + 2gµµε
α
αδσ + (εµµ)2

)
.

Trace of the εµν tensor is given by:

εµµ = (2− gµµ)∇λελ,

therefore in 2 dimensions it vanishes. Applying this result one gets:

||δgµν ||2 =

∫
√
gd2x

(
(4C + 2)δσ2 + εµνε

µν
)
.
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Notice, the conformal and diffeomorphism measures are independently summed,
hence the integration may be performed independently over conformal and gauge
fields. This let’s us rewrite (13):

D[g] =
D[gµν ]

D[ε]
= det[ε]D[σ].

Using the Fadeev-Poppov formalism gives us a way to evaluate the determinant
and interpret it as new, anticommuting gauge ghosts, defined as:

det[ε] = Zghost[g] =

∫
D[B,C]e−Sghost[B,C,g].

Ghost action Sghost consists of tensor field Bµν and vector field Cµ:

Aghost[B,C, g] =
1

2π

∫
√
gd2x Bµν∇µCν .

We have built a theoretical framework, which allows the exact calculation of
the correlation function. In particular, the gauge ambiguity is not problematic
anymore, it has been reduced to the path integral over simpler D[σ] space.
Further development of the theory would include explicit calculation of the
correlation function, for a given set of the composite fields.
Reparemetrizing the Liouville Lagrangian (10):

S =

∫
d2z

(
1

4π
(∂aφ)2 + µe2bφ(z,z̄)

)
,

for upper half plane we have bulk one-point function of a field [10]
Vα(z, z̄) = e2αφ(z,z̄):

〈Vα(z, z̄)〉 =
Uσ(α)

|z − z̄|2∆α
,

where ∆σ is the conformal dimension of a parameter σ(Λ) and

Uσ(α) =
2

b

(
πΛγ(β2)

)Q−2α
2b

Γ(2bα− b2)Γ(
2α

b
− 1

b2
− 1) cos [π(2α−Q)(2σ −Q)].

Uσ(α) has a reflection property:

Uσ(α) = S(α)Uσ(Q− α),

where S(α) is bulk reflection amplitude:

S(α) =
(πΛγ(b2))(Q−2α)/b

b2
γ(2αb− b2)

γ(2− 2α/b+ 1/b2
.

The observables are invariant with respect to the duality transformation b −→ 1
b .

Reflection property for the boundary two-point function takes form of a unitarity
condition. The three-point function is invariant under cyclic permutation of the
fields.
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5 Summary

In the paper construction of 2D Liouville gravity has been shown. The deriva-
tions have been as explicit as possible, introductory sections are supplied. Ex-
ceptionally simple form of gravity with conformal symmetry in two dimensions
is a valuable framework, in which the crucial aspects of the theory are not over-
looked in tedious calculations.
In the future work one may proceed with the quantization, include matter fields
and examine interactions in the theory. Interesting behaviour may occur, while
considering σ(x) ∼ 1

x , Laplacian of such function is a dirac delta and connection
to the Green’s functions may be found.

6 Appendix

6.1 Covariant derivative transformation

In order to show that the covariant derivative of a vector field (3) transforms
as a tensor, we first state how does rank (m,n) tensor transform T −→ T ′ under
general coordinate transformation x −→ x′:

T ′µ1...µm
ν1...νn =

∂x′µ1

∂xα1
. . .

∂x′µm

∂xαm
∂xβ1

∂x′ν1
. . .

∂xβn

∂x′νn
Tα1...αm

β1...βn
. (17)

For example, partial derivative of a scalar field transforms as a rank (1,0) tensor:

∂φ

∂xµ
−→ ∂φ

∂x′µ
=

∂xν

∂x′µ
∂φ

∂xν
.

However, partial derivative of a vector field does not transform in the described
way:

∂vν

∂xµ
−→ ∂v′ν

∂x′µ
=
∂xβ

∂x′µ
∂

∂xβ

(∂x′ν
∂xα

vα
)

=
∂xβ

∂x′µ
∂2x′ν

∂xβ∂xα
vα +

∂xβ

∂x′µ
∂x′ν

∂xα
∂vα

∂xβ
. (18)

The second term is what we expect from a tensor transformation, but we get
and additional term linear with respect to vα.
We show here, that covariant derivative of a vector field (3) indeed transforms
as rank (2,0) tensor. The partial derivative term in (3) transforms as (18),
hence we expect, that the Christoffel symbols also do not transform as tensors.
Consider a transformation:

Γνµρ −→ Γ′νµρ =
1

2
g′νσ

(∂g′µσ
∂x′ρ

+
∂g′ρσ
∂x′µ

−
∂g′µρ
∂x′σ

)
,

notice that both metric tensor and partial derivatives must be transformed. We
get:

Γ′νµρ =
1

2

∂x′ν

∂xα
∂x′σ

∂xβ
gαβ
(
∂xγ

∂x′ρ
∂

∂xγ

( ∂xδ
∂x′µ

∂xξ

∂x′σ
gδξ

)
+

+
∂xγ

∂x′ρ
∂

∂xγ

( ∂xδ
∂x′ρ

∂xξ

∂x′σ
gδξ

)
− ∂xγ

∂x′σ
∂

∂xγ

( ∂xδ
∂x′µ

∂xξ

∂x′ρ
gδξ

))
.
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To make the calculation clearer we evaluate each of the above terms separately.
The first term:

1

2

∂x′ν

∂xα
∂x′σ

∂xβ
gαβ

∂xγ

∂x′ρ
∂

∂xγ

( ∂xδ
∂x′µ

∂xξ

∂x′σ
gδξ

)
=

=
1

2

∂x′ν

∂xα
∂x′σ

∂xβ
∂xγ

∂x′ρ
gαβ
(

∂2xδ

∂xγ∂x′µ
∂xξ

∂x′σ
gδξ +

∂xδ

∂x′µ
∂2xξ

∂xγ∂x′σ
gδξ +

∂xδ

∂x′σ
∂gδξ
∂xγ

)
=

=
1

2

∂x′ν

∂xα
∂2xα

∂x′ρ∂x′µ
+

1

2

∂x′ν

∂xα
∂2xξ

∂x′ρ∂xβ
gαβgδξ

∂xδ

∂x′µ
+

1

2

∂x′ν

∂xα
∂xδ

∂x′µ
gαξ

∂gδξ
∂x′ρ

.

The second term:

1

2

∂x′ν

∂xα
∂x′σ

∂xβ
gαβ

∂xγ

∂x′ρ
∂

∂xγ

( ∂xδ
∂x′ρ

∂xξ

∂x′σ
gδξ

)
=

1

2

∂x′ν

∂xα
∂x′σ

∂xβ
∂xγ

∂x′µ
∂xξ

∂x′σ
gαβgδξ

∂2xδ

∂xγ∂x′ρ
+

+
1

2

∂x′ν

∂xα
∂x′σ

∂xβ
∂xγ

∂x′µ
∂xδ

∂x′ρ
gαβgδξ

∂2xξ

∂xγ∂x′σ
+

1

2

∂x′ν

∂xα
∂x′σ

∂xβ
∂xγ

∂x′µ
∂xδ

∂x′γ
gαβ

∂gδξ
∂xγ

=

=
1

2

∂x′ν

∂xδ
∂2xδ

∂x′µ∂x′γ
+

1

2

∂x′ν

∂xα
∂xδ

∂x′ρ
∂2xξ

∂x′µ∂xβ
gαβgδξ +

1

2

∂x′ν

∂xα
∂xδ

∂x′ρ
gαξ

∂gδξ
∂x′µ

.

The third term:

−1

2

∂x′ν

∂xα
∂x′σ

∂xβ
gαβ

∂xγ

∂x′σ
∂

∂xγ

( ∂xδ
∂x′µ

∂xξ

∂x′ρ
gδξ

)
=

= −1

2

∂x′ν

∂xα
gαγ
(

∂2xσ

∂x′µ∂xγ
∂xξ

∂x′ρ
gδξ +

∂2xξ

∂xγ∂x′ρ
∂xδ

∂x′µ
gδξ +

∂xδ

∂x′µ
∂xξ

∂x′ρ
∂gδξ
∂xγ

)
=

= −1

2

∂x′ν

∂xα
∂xξ

∂x′ρ
gαγgδξ

∂2xσ

∂x′µ∂xγ
− 1

2

∂x′ν

∂xα
∂xδ

∂x′µ
gαγgδξ

∂2xξ

∂xγ∂x′ρ
+

−1

2

∂x′ν

∂xα
∂xδ

∂x′µ
∂xξ

∂x′ρ
gαγ

∂gδξ
∂xγ

.

Adding the three terms gives us:

Γ′νµρ =
∂x′ν

∂xα
∂2xα

∂x′ρ∂x′µ
+

1

2

∂x′ν

∂xα
∂xδ

∂x′µ
gαξ

∂gδξ
∂x′ρ

+
1

2

∂x′ν

∂xα
∂xδ

∂x′ρ
gαξ

∂gδξ
∂x′µ

+

−1

2

∂x′ν

∂xα
∂xδ

∂x′µ
∂xξ

∂x′ρ
gαγ

∂gδξ
∂xγ

=

=
∂x′ν

∂xα
∂2xα

∂x′ρ∂x′µ
+

1

2

∂x′ν

∂xα
∂xδ

∂x′µ
∂xξ

∂x′ρ
gαγ
(
− ∂gδξ
∂xγ

+
∂gδγ
∂xξ

+
∂gγξ

∂xδ

)
=

=
∂x′ν

∂xα
∂2xα

∂x′ρ∂x′µ
+
∂x′ν

∂xα
∂xδ

∂x′µ
∂xξ

∂x′ρ
Γαδξ.

As expected, the Christoffel symbols are not tensors. Because of the first term
in above expression transformation rule (17) does not hold.
We may combine the above result with (18) to get:

(∇µvν)′ = ∂′µv
′ν + Γ′νµρv

′ρ =
∂xβ

∂x′µ
∂2x′ν

∂xβ∂xα
vα+ (19)

+
∂xβ

∂x′µ
∂x′ν

∂xα
∂vα

∂xβ
+

(
∂x′ν

∂xα
∂2xα

∂x′ρ∂x′µ
+
∂x′ν

∂xα
∂xδ

∂x′µ
∂xξ

∂x′ρ
Γαδξ

)
∂x′ρ

∂xβ
vβ . (20)
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We show now, that the first and third terms cancels. We may rewrite:

∂x′ν

∂xα
∂2xα

∂x′ρ∂x′µ
∂x′ρ

∂xβ
vβ =

∂x′ν

∂xα
∂2xα

∂xβ∂x′µ
vβ .

From the identity ∂xµ

∂xν = δµν we get:

∂

∂xβ

(
∂xµ

∂x′α
∂x′α

∂xν

)
= 0

∂x′α

∂xν
∂2xµ

∂xβ∂x′α
= − ∂x

µ

∂x′α
∂2x′α

∂xβ∂xν

∂2xµ

∂xβ∂x′κ
= − ∂x

µ

∂x′α
∂2x′α

∂xβ∂xν
∂xν

∂x′κ
.

Using this result we evaluate:

∂x′ν

∂xα
∂2xα

∂xβ∂x′µ
vβ = −∂x

′ν

∂xα
∂2x′ρ

∂xβ∂xσ
∂xα

∂x′ρ
∂xσ

∂x′µ
vβ =

= − ∂2x′ν

∂xβ∂xσ
∂xσ

∂x′µ
vβ = − ∂2x′ν

∂xβ∂x′µ
vβ .

Therefore the first and third term in (20) cancels, leaving:

(∇µvν)′ =
∂xβ

∂x′µ
∂x′ν

∂xα
∂vα

∂xβ
+
∂x′ρ

∂xβ
∂x′ν

∂xα
∂xδ

∂x′µ
∂xξ

∂x′ρ
Γαδξv

β =

=
∂xβ

∂x′µ
∂x′ν

∂xα
∂vα

∂xβ
+
∂x′ν

∂xα
∂xδ

∂x′µ
Γαδβv

β =
∂xβ

∂x′µ
∂x′ν

∂xα

(
∂vα

∂xβ
+ Γαβγv

γ

)
,

which is exactly the form of transformation we were expecting.
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